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Motivated by the cosmological wormhole solutions obtained from our recent numerical investiga-
tions, we provide a definition of a wormhole which applies to dynamical situations. Our numerical
solutions do not have timelike trapping horizons but they are wormholes in the sense that they
connect two or more asymptotic regions. Although the null energy condition must be violated for
static wormholes, we find that it can still be satisfied in the dynamical context. Two analytic solu-
tions for a cosmological wormhole connecting two Friedmann universes without trapping horizons
are presented.
PACS numbers: 04.20.Gz, 04.20.Jb, 04.40.Nr
I. INTRODUCTION
A wormhole is a hypothetical object in general relativ-
ity which connects two or more asymptotic regions. In
the history of wormhole research, the Morris-Thorne so-
lution has occupied a central position as a typical static
wormhole [1], although many static wormhole metrics
were obtained before that [2, 3]. Subsequent research
revealed that wormholes may admit superluminal travel
due to the global spacetime topology [4–6] and they may
also lead to time machines [7, 8].
It is well known that these intriguing static configu-
rations require the violation of the null energy condi-
tion [4, 9, 10]. In the asymptotically flat case, this is
also a consequence of the topological censorship [11]. On
the other hand, wormhole spacetimes can be constructed
with arbitrarily small violation of the averaged null en-
ergy condition [12]. This suggests that the wormhole
configuration could be realized merely by quantum ef-
fects violating the energy conditions.
Dynamical wormholes are not as well understood as
static wormholes. Their comprehensive study was pio-
neered by Hochberg and Visser [13] and Hayward [14],
who introduced two independent quasi-local definitions
of a wormhole throat in a dynamical spacetime. In these
definitions, wormhole throats are trapping horizons [15]
of various kinds, but the null energy condition must still
be violated there.
Recently, we have numerically found an interesting
one-parameter family of spherically symmetric dynamical
wormhole solutions in an accelerating Friedmann back-
ground [17, 18]. The spacetime contains a perfect fluid
and admits a homothetic Killing vector. This requires
the equation of state to be linear and the cosmic expan-
sion is accelerating for an appropriate equation of state
parameter. The wormhole solutions are asymptotically
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Friedmann at one infinity and they have another infinity,
which may also be asymptotically Friedmann for a special
value of the parameter which describes these solutions.
In this case, the wormhole throat connects two Fried-
mann universes. Interestingly, in this class of dynamical
wormhole spacetimes, the dominant energy condition is
satisfied everywhere. In fact, the Hochberg-Visser and
Hayward conditions are avoided because the spacetimes
are trapped everywhere and there is no trapping horizon.
In the Hochberg-Visser and Hayward definitions, a
wormhole throat is a two-dimensional surface of nonva-
nishing minimal area on a null hypersurface. However,
there is no past null infinity in our dynamical wormhole
solutions because there exists an initial singularity. The
wormhole throats are therefore not defined on a null hy-
persurface but on a spacelike hypersurface. This demon-
strates that the Hochberg-Visser and Hayward definitions
miss an important class of dynamical wormhole space-
times, namely cosmological wormholes which are asymp-
totically Friedmann universe and start with a big-bang
singularity.
In this paper, we define a wormhole quasi-locally in
terms of a surface of nonvanishing minimal area on a
spacelike hypersurface and compare its properties with
those of the Hochberg-Visser or Hayward wormhole. We
also construct two analytic examples of cosmological
wormholes. One corresponds to the numerical solution
obtained in refs. [17, 18], but it contains a singular hy-
persurface which violates the null energy condition. The
other is a smooth model involving a combination of a
perfect fluid and a ghost scalar field but the total matter
content still satisfies the dominant energy condition.
The plan of this paper is as follows. In section II, basic
equations are given. In section III, we present several
possible quasi-local definitions of the wormhole throat for
the static and dynamical cases and discuss the violation
of the energy conditions. In section IV, we construct two
analytic cosmological wormholes, one of which contains
massive thin shells. Section V makes concluding remarks
and discusses future prospects.
2II. FORMULATION
For simplicity, we assume spherical symmetry through-
out this paper. The metric signature convention is
taken to be (−,+,+,+), with Greek indices running over
spacetime coordinates. We follow the notation of Hay-
ward [19], in which the line element is written locally in
double-null coordinates as
ds2 = −2e−fdξ−dξ+ + r2dΩ2, (2.1)
where dΩ2 := dθ2 + sin2 θdφ2 and f = f(ξ−, ξ+). The
function r = r(ξ−, ξ+) is defined such that the area of the
metric sphere is 4pir2 and we put c = 1. The spacetime
will be assumed time-orientable, with ∂/∂ξ+ and ∂/∂ξ−
being future-pointing. We denote ∂/∂ξ+ and ∂/∂ξ− by
∂+ and ∂−, these being the outgoing and ingoing null
normal vectors, respectively.
We use A and B as indices on the two-dimensional
spacetime spanned by ∂+ and ∂− and | as the associated
covariant derivative. The Misner-Sharp mass m [20] is
then given by
m :=
r
2G
(1− r|Ar|A) =
r
2G
(
1 +
1
2
r2efθ+θ−
)
, (2.2)
where the area expansions along ∂+ and ∂− are defined
respectively as
θ+ := 2r
−1∂+r, (2.3)
θ− := 2r
−1∂−r. (2.4)
We assume θ+ ≥ θ−, at least locally, as is always possible.
The tangent vectors of the radial null geodesics lµ± are
given by
lµ+
∂
∂xµ
:= h+e
f ∂
∂ξ+
, (2.5)
lµ−
∂
∂xµ
:= h−e
f ∂
∂ξ−
, (2.6)
where h+ = h+(ξ−) and h− = h−(ξ+) are functions of ξ−
and ξ+, respectively, and h± must be positive for l
µ
± to
be future-pointing. The expansions of the null geodesics
are given by
Θ± := l
µ
±;µ = h±e
fθ±, (2.7)
where the semicolon denotes the covariant derivative as-
sociated with the four-dimensional metric gµν .
The notion of trapping horizons was introduced by
Hayward to give a quasi-local definition of black holes [15,
19]. A metric sphere is said to be trapped if θ+θ− > 0,
untrapped if θ+θ− < 0, and marginal if θ+θ− = 0. If
efθ+θ− has non-vanishing derivative, the spacetime is di-
vided into trapped and untrapped regions, separated by
marginal hypersurfaces. A marginal sphere is said to be
future if θ+ = 0, past if θ− = 0, and bifurcating if θ± = 0.
A future marginal sphere is outer if ∂−θ+ < 0, inner if
∂−θ+ > 0, and degenerate if ∂−θ+ = 0. A past marginal
sphere is outer if ∂+θ− < 0, inner if ∂+θ− > 0, and de-
generate if ∂+θ− = 0. A trapping horizon is the closure
of a hypersurface foliated by future or past, outer or in-
ner marginal spheres [15, 19]. From the definition of the
Misner-Sharp mass, one can easily show that r = 2Gm on
trapping horizons. A future (past) outer trapping horizon
is the closure of a hypersurface foliated by future (past)
outer marginal spheres and this is the counterpart of a
black hole (white hole) apparent horizon. Accordingly,
we call the closure of a hypersurface foliated by bifurcat-
ing marginal spheres a bifurcating trapping horizon.
Here we show that above definitions are equivalent
even if we replace θ± and ∂± with Θ± and d/dλ±, re-
spectively, where λ± are the affine parameters of the null
geodesics. We obtain
dΘ±
dλ±
= (θ±∂±f + ∂±θ±)h
2
±e
2f , (2.8)
dΘ±
dλ∓
= (θ±∂∓h± + h±θ±∂∓f + h±∂∓θ±)h±e
2f . (2.9)
Thus we have
dΘ±
dλ±
= h2±e
2f∂±θ±, (2.10)
dΘ±
dλ∓
= h2±e
2f∂∓θ± (2.11)
on the hypersurface with θ± = 0, where we assume that
the metric and h± are at least C
1. It is therefore clear
that the signs of Θ±, dΘ±/dλ±, and dΘ±/dλ∓ are the
same as those of θ±, ∂±θ±, and ∂∓θ±, respectively.
The most general stress-energy tensor under spherical
symmetry is given by
Tµνdx
µdxν = T−−dξ
2
− + 2T−+dξ−dξ+
+T++dξ
2
+ + pr
2dΩ2, (2.12)
where T−−, T−+, T++, and p are functions of ξ− and ξ+.
The Einstein equations then become
∂−∂−r + ∂−f∂−r = −4piGrT−−, (2.13)
∂+∂+r + ∂+f∂+r = −4piGrT++, (2.14)
r∂+∂−r + ∂−r∂+r +
1
2
e−f = 4piGr2T−+, (2.15)
r2∂+∂−f + 2∂−r∂+r + e
−f
= 8piGr2(T−+ + e
−fp). (2.16)
The null energy condition for the matter field implies
T−− ≥ 0, T++ ≥ 0, (2.17)
while the dominant energy condition implies
T−− ≥ 0, T++ ≥ 0, T−+ ≥ 0. (2.18)
The dominant energy condition assures that a causal ob-
server measures non-negative energy density and that the
energy flux is a future-directed causal vector. The domi-
nant energy condition implies the null energy condition.
3III. DEFINITIONS OF WORMHOLES
In this section, we discuss several definitions of dynam-
ical wormholes. Although the concept of a wormhole is
originally topological and global, it is possible to define it
quasi-locally in terms of two-dimensional spheres of mini-
mal area. First we revisit static wormholes and then con-
sider the possible generalization to the dynamical case.
A. Static wormholes
Staticity is defined by the existence of a timelike Killing
vector ∂t. We can write this as ∂t = (∂−+∂+)/
√
2, where
t = (ξ− + ξ+)/
√
2 is the Killing time coordinate. Then
we have
∂tr = (∂−r + ∂+r)/
√
2 = 0, (3.1)
∂tf = (∂−f + ∂+f)/
√
2 = 0. (3.2)
There also exists another natural coordinate x = (−ξ−+
ξ+)/
√
2, corresponding to ∂x = (−∂− + ∂+)/
√
2. We de-
fine a static wormhole as a timelike hypersurface foliated
by minimal spheres on the constant t spacelike hypersur-
faces. At a minimal sphere, we have
∂xr = (−∂−r + ∂+r)/
√
2 = 0. (3.3)
Then, from Eq. (3.3) with θ+ ≥ θ−, we obtain θ+ = θ− =
0 there. We conclude that a wormhole throat in static
spacetimes is a timelike bifurcating trapping horizon.
Differentiating Eq. (3.1) with respect to ξ− and ξ+, we
obtain
∂−∂−r = ∂+∂+r = −∂−∂+r. (3.4)
Equations (2.13) and (2.14), together with the condition
θ+ = θ− = 0, imply
∂−∂−r = −4piGrT−− (3.5)
and
∂+∂+r = −4piGrT++ (3.6)
on the wormhole throat. The minimality of the area then
yields
∂x∂xr > 0. (3.7)
Equations (3.4) and (3.7) imply ∂−∂−r > 0 and ∂+∂+r >
0, so T−− < 0 and T++ < 0 at the wormhole throat from
Eqs. (3.5) and (3.6). Therefore the null energy condition
is violated at a wormhole throat in a static spacetime [4].
It should be noted that all the definitions of dynamical
wormholes will reduce to the standard one in the static
case. In this sense, we are generalizing the notion of a
static wormhole to the dynamical situation.
B. Wormholes as minimal spheres on null
hypersurfaces
Hochberg and Visser [13] and Hayward [14] define
a wormhole throat in terms of null expansions but in
slightly different ways, which we now discuss.
In the spherically symmetric case, Hochberg and
Visser [13] define a wormhole throat by θ+ = 0 and
∂+θ+ > 0 or θ− = 0 and ∂−θ− > 0. Although the
original definition allowed equality, we do not consider
that case here. We thereby avoid the Killing horizon in
Schwarzschild spacetime being a wormhole throat. On
the other hand, a Hayward traversable wormhole throat
is a timelike outer trapping horizon, i.e., a timelike trap-
ping horizon with θ+ = 0 and ∂−θ+ < 0 or θ− = 0 and
∂+θ− > 0.
Let ηA be the timelike generator of the Hayward worm-
hole throat with θ+ = 0. Then ζ
+∂+θ+ + ζ
−∂−θ+ = 0
and, using ζ+ζ− < 0 and ∂−θ+ > 0, we find ∂+θ+ > 0.
Similarly, ∂−θ− > 0 holds for the Hayward wormhole
throat with θ− = 0. Therefore, a Hayward wormhole
throat is necessarily a Hochberg-Visser wormhole throat
but the opposite does not hold in general. In fact, the
Hochberg-Visser wormhole throat may be spacelike. In
both cases, ∂+θ+ > 0 or ∂−θ− > 0 is satisfied on the
wormhole throat, which means that it is a minimal sphere
on null hypersurfaces.
With the Hochberg-Visser or Hayward definition, the
infinitesimal sectional area of the null geodesic congru-
ence reaches a minimum at the wormhole throat. Also
both definitions of a wormhole throat are based on the
physical intuition obtained from the asymptotically flat
examples. However, in the cosmological situations this
intuition may not apply because there is an initial singu-
larity.
We now show that the null energy condition is violated
on the Hochberg-Visser and Hayward wormhole throats.
Although we consider the θ+ = 0 case below, the ar-
gument also applies for θ− = 0. From Eqs. (2.14) and
(2.15), we obtain
∂+θ+ = −8piGT++, (3.8)
∂−θ+ = 8piGT−+ − 1
r2
e−f (3.9)
on the trapping horizon with θ+ = 0. Eq. (3.8) then
immediately implies the violation of the null energy con-
dition for the Hochberg-Visser throat. Since we have
shown that a Hayward throat is necessarily a Hochberg-
Visser throat, the null energy condition is violated also
for the Hayward wormhole throat.
It is important to investigate whether wormholes al-
ways need exotic matter fields which violate some energy
condition. In these generalizations [13, 14], the null en-
ergy condition must be violated at the wormhole throat,
so the existence of traversable wormholes might seem im-
plausible. However, as we will see, these definitions are
not well-motivated in a cosmological background.
4C. Wormholes as minimal spheres on spacelike
hypersurfaces
We now present a definition of wormholes for spheri-
cally symmetric spacetimes which is relevant to the prob-
lems raised above. To accomplish this, we consider a
spherically symmetric spacelike hypersurface and define
a minimal sphere with r > 0 on this hypersurface. This
means
r|Aζ
A = 0, (3.10)
r|ABζ
AζB > 0, (3.11)
where ζA is any nonvanishing radial spacelike vector (i.e.
one with gABζ
AζB > 0). It should be noted that any
definition in terms of time-slicing will inevitably entail
the problem of slice-dependence.
Here we note that (r|Aζ
A)|Bζ
B > 0 could be an alter-
native definition to Eq. (3.11) because the left-hand side
gives the second order derivative along ζA. It should be
noted, however, that the definition (3.11) does not in-
volve the derivative of ζA. Actually, (r|Aζ
A)|Bζ
B > 0 is
equivalent to Eq. (3.11) if ζA is tangent to a geodesic.
We say that a timelike hypersurface is a wormhole
throat if it is foliated by minimal spheres on a space-
like hypersurface of the time-slicing. This reduces to the
definition of a static wormhole for static spacetimes if we
take the constant Killing time hypersurface. For general
dynamical spacetimes, Eq. (3.10) gives either
ζ−
ζ+
= −θ+
θ−
(3.12)
or θ− = θ+ = 0. Eq. (3.12) implies θ+θ− > 0 because
ζ−ζ+ < 0. Hence we conclude that a wormhole throat
is either a trapped sphere or a bifurcating trapping hori-
zon. This means that there are two classes of wormhole
throats. The first is “locally and momentarily static” in
the sense that it is a bifurcating trapping horizon. The
second excludes a bifurcating trapping horizon and hence
cannot be a static wormhole. By the mean value theo-
rem, there then exists at least one trapping horizon if
the spacetime admits a wormhole throat and if θ+θ− < 0
holds at spacelike infinity (as in the asymptotically flat
spacetime).
Although both Hayward’s and Hochberg and Visser’s
wormholes have a minimal sphere on the null hypersur-
face, we can make this hypersurface spacelike by an in-
finitesimally small deformation. Therefore if either of
their wormhole exists, then so does ours, i.e., our worm-
hole definition generalizes theirs.
It is interesting to examine the implication of our
wormhole definition for the energy conditions. One can
easily show that the null energy condition is violated on
our wormhole throat being a bifurcating trapping hori-
zon. The proof is essentially the same as for the static
case. On the other hand, there may be no violation of
the energy conditions on a wormhole which is a trapped
sphere. This means that wormhole throats defined in
terms of spacelike hypersurfaces would be much more
plausible than those defined in terms of null hypersur-
faces.
Here we should comment on the traversability of our
wormhole solutions. Hayward defined a wormhole throat
as a temporal (or timelike) trapping horizon. By con-
trast, our wormhole definition does not depend on the
existence of a temporal trapping horizon. For example,
the maximally extended Schwarzschild spacetime does
not contain a wormhole throat in the sense of Hochberg-
Visser or Hayward but it does contain one in our sense
and it is located inside the horizon [16]. Intuitively,
Hayward’s definition of a wormhole throat enables an
observer to travel from one infinity to the other in an
asymptotically flat spacetime. In a cosmological space-
time, however, there is generally no past infinity be-
cause of the initial singularity, so Hayward’s concept of a
traversable wormhole might not be suitable. That is why
we have adopted an alternative wormhole definition.
IV. ANALYTIC SOLUTIONS FOR THE
COSMOLOGICAL WORMHOLE
In the last section, we have introduced a new quasi-
local definition of a wormhole throat on a spacelike hy-
persurface and shown that such a throat must coincide
with a bifurcating trapping horizon or be located in the
trapped region. This implies that one can have a worm-
hole throat in the latter case even if there is no trapping
horizon in the spacetime.
Recently, we have found an interesting one-parameter
family of numerical spherically symmetric dynamical
wormhole solutions of this kind [17, 18]. In this sec-
tion, we review these and give two analytic solutions for a
wormhole connecting two different Friedmann universes,
one of which contains a massive thin shell.
A. Friedmann cosmological wormhole
Our new class of wormhole solutions are “cosmolog-
ical” in the sense that one of the asymptotic regions is
Friedmann [17]. They are spherically symmetric and self-
similar and contain a perfect fluid with equation of state
of the form p = (γ − 1)µ with 0 < γ < 2/3 (dubbed
“dark energy”). This matter model violates the strong
energy condition but still satisfies the dominant energy
condition.
These solutions are a subset of the complete family
of asymptotically Friedmann spherically symmetric self-
similar solutions with dark energy and are obtained by
using the formulation and asymptotic analyses presented
in ref. [18]. The most interesting wormhole solutions are
of two types. The first connects two Friedmann universes;
the second connects a Friedmann universe and a quasi-
Friedmann universe (in the sense that there is an angle
deficit at large distances). The causal structure of these
solutions is shown in Fig. 1, which shows that the world-
tube of the throat is timelike. Although the solutions
are spherically symmetric and self-similar, they are pre-
5sumably a subset of more general non-self-similar spher-
ically symmetric wormhole solutions. There are no trap-
ping horizons but the whole of the spacetime is trapped.
Due to the expansion of the wormhole throat, it is not a
marginal sphere but a past trapped sphere.
The most intriguing of our numerical cosmological
wormhole solutions is the one which connects two Fried-
mann universes. This could be important as a cosmolog-
ical model in the very early universe. Refs. [17, 18] give
further details.
CE
H1
1 2
CEH2
t=
0t=0
FIG. 1: The causal structure of the self-similar solution with
dark energy which is asymptotically Friedmann at one end
and (quasi-)Friedmann at the other. t = 0 corresponds to
the initial singularity, while ℑ+1 and ℑ+2 correspond to two
distinct null infinities. CEH stands for cosmological event
horizon. The spacetime is asymptotically quasi-Kantowski-
Sachs spacetime around the wormhole throat [18].
B. An analytic solution with thin shell
Here we construct an analytic solution for the
Friedmann-Friedmann cosmological wormhole. Because
the spacetime is asymptotically quasi-Kantowski-Sachs
around the wormhole throat, we can match a Friedmann
exterior to a Kantowski-Sachs interior at a hypersurface
Σ. Both sides are solutions of the Einstein field equa-
tions for a perfect fluid with p = (γ − 1)µ which satisfies
the dominant energy condition (0 ≤ γ ≤ 2). We do not
consider the γ = 0 case because the treatment will then
be significantly different. The Friedmann solution with
coordinates xµ = (t, x, θ, φ) is given by
ds2+ = −dt2 +
(
t
t0
)4/(3γ)
(dx2 + x2dΩ2), (4.1)
8piGµ =
4
3γ2t2
, (4.2)
2Gm =
4x3
9γ2t2
(
t
t0
)2/γ
, (4.3)
where t0 is a positive constant. The Kantowski-Sachs
solution with coordinates x¯µ = (t¯, x¯, θ, φ) is given by
ds2− = −
(2− 3γ)(2− γ)
γ2
dt¯2 + C20 t¯
4(1−γ)/γdx¯2 + t¯2dΩ2,
(4.4)
8piGµ =
4(1− γ)
(2− 3γ)(2− γ)t¯2 , (4.5)
2Gm =
4(1− γ)2t¯
(2− 3γ)(2− γ) , (4.6)
where C0 is a positive constant and 0 < γ < 2/3 is
required for the spacetime to have Lorentzian signature.
We focus on the expanding regions with t ≥ 0 and t¯ ≥ 0.
We consider a hypersurface Σ+ defined on the Fried-
mann side by
t = λ, x = C1λ
−(2−3γ)/(3γ), θ = θ, φ = φ, (4.7)
and a hypersurface Σ− defined on the Kantowski-Sachs
side by
t¯ = λ, x¯ = C2λ
−(2−3γ)/γ , θ = θ, φ = φ, (4.8)
where C1 and C2 are positive constants and λ is a linking
variable. The induced metrics on Σ+ and Σ− are
ds2+(3) =
(2− 3γ)2C21 − 9γ2t4/(3γ)0
9γ2t
4/(3γ)
0
dλ2 +
C21
t
4/(3γ)
0
λ2dΩ2,
(4.9)
ds2−(3) =
(2− 3γ)2C20C22 − (2 − 3γ)(2− γ)
γ2
dλ2 + λ2dΩ2,
(4.10)
respectively. Identifying Σ+ with Σ−, we require
ds2+(3) = ds
2
−(3), i.e. continuity of the induced metric,
which implies
C21 = t
4/(3γ)
0 , C
2
2 =
27γ2 − 84γ + 40
9(2− 3γ)2C20
. (4.11)
C22 is non-negative only for γ ≤ (14 − 2
√
19)/9 ≃
0.5869(< 2/3), so matching is impossible for (14 −
2
√
19)/9 < γ < 2/3. Since the induced metric is
ds2Σ = habdy
adyb
= −4(3γ − 1)
9γ2
dλ2 + λ2dΩ2, (4.12)
the matching hypersurface Σ(:= Σ+ ≡ Σ−) and coordi-
nate λ are timelike for γ > 1/3, spacelike for γ < 1/3
and null for γ = 1/3.
We now show that the whole spacetime is trapped.
In the Kantowski-Sachs region, the condition r < 2Gm
reduces to γ2 > 0, so it is foliated by trapped surfaces.
On the other hand, in the Friedmann region, r < 2Gm
implies
(
t
t0
)−4/(3γ)
<
4x2
9γ2t2
. (4.13)
6Because of Eq. (4.11) and the condition 0 < γ < 2/3,
this reduces to x > (3γC1/2)t
−(2−3γ)/(3γ) and hence is
satisfied in the exterior Friedmann region defined by x >
C1t
−(2−3γ)/(3γ).
The Friedmann spacetime is “exterior” to Σ− in the
sense of having a larger value of x¯. To complete the
construction of the Friedmann-Friedmann cosmological
wormhole, we attach another Friedmann universe to the
Kantowski-Sachs spacetime via another matching sur-
face. That matching hypersurface is also represented by
Eq. (4.7) in the Friedmann spacetime but by
t¯ = λ, x¯ = −C2λ−(2−3γ)/γ , θ = θ, φ = φ (4.14)
in the Kantowski-Sachs spacetime. The curve (4.14) is
the reflection of the curve (4.8) about the line x¯ = 0 in
the (t, x¯) plane. At the hypersurface (4.14), the Fried-
mann spacetime is attached to the “exterior” of the hy-
persurface in the sense of having a smaller value of x¯. As
a result, the matter distributions on those two match-
ing hypersurfaces are the same. The resulting spacetime
is trapped everywhere and does not contain a trapping
horizon.
In the following subsections, we calculate the jump
of the second fundamental form on Σ, which gives the
energy-momentum tensor on Σ [21]. We first consider
the case where the shell is timelike or spacelike, and then
the case where it is null.
1. The timelike or spacelike shell case
We first consider the case with γ 6= 1/3. We define two
functions f(t, x) and g(t¯, x¯) by
f := −x+ C1t−(2−3γ)/(3γ), (4.15)
g := −x¯+ C2t¯−(2−3γ)/γ , (4.16)
with Σ being described by f = 0 and g = 0 in the Fried-
mann and Kantowski-Sachs regions, respectively. The
unit 1-forms normal to Σ are given by
nµdx
µ =
2− 3γ
2
√
|3γ − 1|dt+
3γ
2C1
√
|3γ − 1| t
2/(3γ)dx,
(4.17)
n¯µdx¯
µ =
√
(2− 3γ)(2− γ)(27γ2 − 84γ + 40)
2γ
√
|3γ − 1| dt¯
+
3
√
(2− 3γ)(2− γ)C0
2
√
|3γ − 1| t¯
2(1−γ)/γdx¯, (4.18)
where nµn
µ = n¯µn¯
µ = +1(−1) for γ > (<)1/3. We have
set the sign of the normal 1-forms so that they point from
the Kantowski-Sachs side to the Friedmann side, i.e., in
the directions of increasing x and x¯.
The extrinsic curvature of Σ is obtained from Kab :=
nµ;νe
µ
ae
ν
b , where e
µ
a := ∂x
µ/∂ya and ya = (λ, θ, φ). On
the Friedmann side, we obtain
e0ady
a = dλ, (4.19)
e1ady
a = − (2− 3γ)
3γ
C1λ
−2/(3γ)dλ, (4.20)
eiady
a = δijdy
j , (4.21)
where i and j are indices on S2 and γij is the unit metric
on S2, so dΩ2 = γijdx
idxj . The non-zero components of
Kab are
Kλλ = −
2− 3γ
3γ
√
|3γ − 1|λ
−1, (4.22)
Ki j = δ
i
j
9γ2 + 6γ − 4
6γ
√
|3γ − 1|λ
−1. (4.23)
On the Kantowski-Sachs side, we obtain
e¯0ady
a = dλ, (4.24)
e¯1ady
a = −
√
27γ2 − 84γ + 40
3γC0
λ2(γ−1)/γdλ, (4.25)
e¯iady
a = δijdy
j , (4.26)
where e¯µa := ∂x¯
µ/∂ya. The non-zero components of
K¯ab(:= n¯µ;ν e¯
µ
a e¯
ν
b ) are
K¯λλ = −
4(1− γ)(3γ − 1)
9(2− 3γ)(2− γ)
×
√
27γ2 − 84γ + 40
|3γ − 1|(2− 3γ)(2− γ)λ
−1, (4.27)
K¯i j = −δi j
γ
2
√
27γ2 − 84γ + 40
|3γ − 1|(2− 3γ)(2− γ)λ
−1.(4.28)
It is seen that the second fundamental form Kab is
discontinuous at Σ in general, while the first fundamental
form hab is continuous. This means that we can match
the two spacetimes with a singular hypersurface on Σ.
As shown below, the matter on the shell has the form of
a perfect fluid obeying a linear equation of state.
The energy-momentum tensor on the shell Sa b is
8piGSa b = −ε([Ka b]− [K]ha b), (4.29)
where [X ] := X − X¯ and ε = +1(−1) for γ > (<)1/3.
As a result, we obtain
78piGSλλ = −εAλ−1, (4.30)
A := −9γ
2 + 6γ − 4
3γ
√
|3γ − 1| − γ
√
27γ2 − 84γ + 40
|3γ − 1|(2− 3γ)(2− γ) , (4.31)
8piGSi j = εBλ
−1δi j , (4.32)
B :=
9γ2 + 12γ − 8
6γ
√
|3γ − 1| +
27γ3 − 96γ2 + 68γ − 8
18(2− 3γ)(2− γ)
√
27γ2 − 84γ + 40
|3γ − 1|(2− 3γ)(2− γ) . (4.33)
It can be shown that A > 0 and A < 0 for 0 < γ < 1/3
and 1/3 < γ < (14 − 2√19)/9, respectively. This means
that the energy density of the matter on the timelike
shell (identified with −Sλλ) is negative and the weak
energy condition is violated. On the other hand, the
spacelike matching surface may be regarded as a kind of
phase transition. The Penrose diagram of the resulting
spacetime is shown in Fig. 2 for the case of the timelike
shells.
Friedmann1 Friedmann2
Kantowski
   -Sachs
1 2
t=
0t=0
FIG. 2: The causal structure of the Friedmann-Friedmann
cosmological wormhole spacetime with thin shells for 1/3 <
γ < (14 − 2√19)/9. t = 0 corresponds to the initial sin-
gularity, while ℑ+1 and ℑ+2 correspond to two distinct null
infinities. The thick curves correspond to two massive thin
shells with negative surface energy density. The whole space-
time is foliated by trapped surfaces and there is no trapping
horizon.
2. The null-shell case
In the γ = 1/3 case, the shell is a null hypersurface
and has to be treated separately. The Friedmann and
Kantowski-Sachs metrics are now
ds2+ = −dt2 +
(
t
t0
)4
(dx2 + x2dΩ2), (4.34)
ds2− = −15dt¯2 + C20 t¯8dx¯2 + t¯2dΩ2. (4.35)
The matching null hypersurface is
t = λ, x = C1λ
−1, θ = θ, φ = φ (4.36)
on the Friedmann side and
t¯ = λ, x¯ = C2λ
−3, θ = θ, φ = φ (4.37)
on the Kantowski-Sachs side. By continuity of the in-
duced metric, we obtain
C21 = t
4
0, C
2
2 =
5
3C20
(4.38)
and the induced metric is
ds2Σ = σijdx
idxj (4.39)
= λ2γijdx
idxj . (4.40)
The radial basis vectors kµ := ∂xµ/∂λ and k¯µ :=
∂x¯µ/∂λ on Σ are
kµ
∂
∂xµ
=
∂
∂t
− C1t−2 ∂
∂x
, (4.41)
k¯µ
∂
∂x¯µ
=
∂
∂t¯
− 3C2t¯−4 ∂
∂x¯
, (4.42)
so kµkµ = k¯
µk¯µ = 0 on Σ. The basis vectors of Σ are
eµλ
∂
∂xµ
= kµ
∂
∂xµ
, (4.43)
eµi
∂
∂xµ
= δµ i
∂
∂xµ
(4.44)
on the Friedmann side and
e¯µλ
∂
∂x¯µ
= k¯µ
∂
∂x¯µ
, (4.45)
e¯µi
∂
∂x¯µ
= δµ i
∂
∂x¯µ
(4.46)
on the Kantowski-Sachs side. The bases are completed
by
Nµdx
µ = −1
2
dt+
1
2
C−11 t
2dx, (4.47)
N¯µdx¯
µ = −1
2
dt¯+
1
6
C−12 t¯
4dx¯, (4.48)
which satisfy NµNµ = N¯
µN¯µ = 0, Nµk
µ = N¯µk¯
µ = −1
and Nµe
µ
i = N¯µe¯
µ
i = 0.
The nonvanishing components of the transverse curva-
ture Cab := Nµ;νe
µ
ae
ν
b (C¯ab := N¯µ;ν e¯
µ
a e¯
ν
b ) are
Cλλ =
2
λ
, Cij = γij
3λ
2
(4.49)
8in the Friedmann region and
C¯λλ =
4
λ
, C¯ij = γij
λ
30
(4.50)
in the Kantowski-Sachs region. Cλi = 0 = C¯λi means
that there is no heat flow on the shell. The pressure and
surface energy density of the matter on the shell are given
by
8piGpshell := −[Cλλ] = 2
λ
, (4.51)
8piGµshell := −σij [Cij ] = − 44
15λ
, (4.52)
respectively. It is seen that the matter on the shell has
negative surface energy density and violates the weak
energy condition, as in the case of a timelike shell.
Although the Friedmann-Friedmann cosmological
wormhole numerically obtained in ref. [17] satisfies the
dominant energy condition in the whole spacetime, the
matter content in this analytic solution violates the weak
energy condition on the shell. This is due to the sim-
plification entailed in assuming a singular hypersurface.
Nevertheless, the solution still provides an analytic ex-
ample of a cosmological wormhole which is not of the
Hochberg-Visser or Hayward type.
C. An analytic solution without a shell
The analytic solution discussed above contains thin
shells. Next we present an analytic solution without a
thin shell. The spacetime is asymptotically Friedmann
and trapped everywhere, so again it is not a Hochberg-
Visser or Hayward wormhole.
We consider the simple metric
ds2 = −dt2 + a(t)2[dx2 + (x2 + b2)dΩ2], (4.53)
where b is a positive constant. Such solutions are con-
formal to the Morris-Thorne wormhole spacetimes stud-
ied in refs. [13, 22–24]. (See also [25] for the analysis
of the wormhole dynamics.) The spacetime is asymp-
totically Friedmann for x → ±∞ with scale factor a(t).
The wormhole throat is located at x = 0 on a spacelike
hypersurface with constant t, around which the metric
is approximately Kantowski-Sachs. The corresponding
energy-momentum tensor is given by
8piGT t t = −3
a˙2
a2
+
b2
a2(x2 + b2)2
=: −8piGµtot, (4.54)
8piGT xx = −2
a¨
a
− a˙
2
a2
− b
2
a2(x2 + b2)2
=: 8piGpr,tot,
(4.55)
8piGT θ θ = 8piGT
φ
φ
= −2 a¨
a
− a˙
2
a2
+
b2
a2(x2 + b2)2
=: 8piGpt,tot,
(4.56)
where a dot denotes the derivative with respect to t. The
matter field is regarded as a mixture of a perfect fluid and
a massless ghost scalar field, i.e., a massless scalar field
with a negative kinetic term. The Misner-Sharp mass is
given by
2Gm = a
√
x2 + b2
(
b2
x2 + b2
+ a˙2(x2 + b2)
)
, (4.57)
which is positive everywhere.
If a is constant, this spacetime coincides with the static
Ellis wormhole [2]. If we also set a = t/t0, where t0 is a
positive constant, there is a null big-bang initial singu-
larity at t = 0. The corresponding energy density, radial
pressure and the tangential pressure are now given by
8piGµtot =
3
t2
− t
2
0b
2
t2(x2 + b2)2
, (4.58)
8piGpr,tot = − 1
t2
− t
2
0b
2
t2(x2 + b2)2
, (4.59)
8piGpt,tot = − 1
t2
+
t20b
2
t2(x2 + b2)2
, (4.60)
respectively. The equation of state for the perfect fluid
is therefore p = −(1/3)µ in this case. We see that µtot−
pr,tot > 0 and µtot + pt,tot > 0. Also it can be shown
that µtot ≥ 0 for t0 ≤
√
3b, µtot + pr,tot ≥ 0 for t0 ≤ b,
and µtot − pt,tot ≥ 0 for t0 ≤
√
2b. Hence, the dominant
energy condition is satisfied for t0 ≤ b. Because µtot +
pr,tot + 2pr,tot ≡ 0, the strong energy condition is also
satisfied for t0 ≤ b. The trapped condition r < 2Gm
reduces to
(x2 + b2)2 − t20(x2 + b2) + b2t20 > 0, (4.61)
which is satisfied everywhere in the spacetime for t0 < 2b.
In summary, for t0 < 2b, the spacetime represents a
cosmological wormhole with no trapping horizon. More-
over, for t0 ≤ b, this cosmological wormhole satisfies the
dominant energy condition in the whole spacetime. The
Penrose diagram is shown in Fig. 3.
Because we have considered the simplest case with
a = t/t0, the null infinities are null, so the global struc-
ture is different from that of the Friedmann-Friedmann
cosmological wormhole solution obtained in ref. [17]. If
we assume a = (t/t0)
p with p > 1, corresponding to an
accelerating universe, the null infinities are spacelike and
the initial singularity remains null.
V. SUMMARY
This work is motivated by the cosmological wormhole
solutions which we recently obtained numerically [17, 18].
The dominant energy condition is satisfied in the whole
spacetime for those solutions and the wormhole throats
connect a Friedmann universe at one infinity to another
asymptotic solution at the other infinity. With fine-
tuning of the single parameter involved, the wormhole
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FIG. 3: The causal structure of the cosmological Ellis worm-
hole spacetime (4.53) for a = t/t0. t = 0 corresponds to the
null initial singularity, while ℑ+1 and ℑ+2 correspond to two
distinct null infinities. The thin straight line corresponds to
the wormhole throat x = 0. For t0 < 2b, the whole spacetime
is foliated by trapped surfaces and there is no trapping hori-
zon. For t0 ≤ b, the dominant energy condition is satisfied.
throat connects two Friedmann universes. Nevertheless,
the whole spacetime is trapped and there is no trapping
horizon, so these spacetimes are not Hochberg-Visser or
Hayward wormholes.
This has led us to define a wormhole throat on a space-
like hypersurface, since this includes our new interesting
class of cosmological wormholes. We have shown that
that dynamical wormhole throat may be located in the
trapped region. If the spacetime is asymptotically Fried-
mann and foliated by trapped surfaces, this implies that
it can contain a wormhole throat with no trapping hori-
zon. This is impossible in an asymptotically flat dynam-
ical spacetime because the spacetime is foliated by un-
trapped surfaces near the asymptotically flat region.
We have found an analytic solution corresponding to
our numerical Friedmann-Friedmann wormhole. This
is constructed by gluing the Friedmann exterior to the
Kantowski-Sachs interior via a massive thin shell under
the assumption that the perfect fluid contained in each
spacetime obeys the same equation of state p = (γ−1)µ.
The dominant energy condition requires 0 ≤ γ ≤ 2
and the Kantowski-Sachs spacetime is Lorentzian for
0 < γ < 2/3. The matching is possible for 0 < γ <
(14 − 2√19)/9 ≃ 0.5869(< 2/3). The matching surface
Σ is timelike for γ > 1/3, spacelike for γ < 1/3 and null
for γ = 1/3. The matter on the shell necessarily has a
negative energy density for 1/3 ≤ γ < (14 − 2√19)/9,
but the solution is still interesting because it provides a
simple analytic model for a cosmological wormhole which
is not in the Hochberg-Visser or Hayward class.
We have also constructed an analytic solution for cos-
mological wormholes without a massive thin shell. This
solution contains a ghost scalar field and a perfect fluid.
It has a wormhole throat connecting two distinct Fried-
mann universes. With an appropriate choice of scale fac-
tor, the whole spacetime is trapped and the dominant
energy condition still holds.
It is found that the Kantowski-Sachs dynamical so-
lutions are important for these cosmological wormhole
spacetimes. The (quasi-)Kantowski-Sachs solution de-
scribes the wormhole throat in both our numerical and
analytic Friedmann-(quasi-)Friedmann wormhole solu-
tions [17, 18]. It is conjectured that a cosmological
wormhole always has a Kantowski-Sachs structure at the
throat. This class of cosmological wormholes could be
important in the very early universe.
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